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Abstract: In this paper, we consider AdS black hole in d-dimensional space-time and
calculate the logarithmic corrected thermodynamics quantities. We study the effects of
thermal fluctuations on the thermodynamics of higher dimensional AdS black hole. We
exploit such logarithmic corrected quantities to construct Van der Walls black holes solution
and study the effects of logarithmic correction on the Van der Waals black holes. We also
investigate the effect of thermal fluctuations on the equation of state. We find that the Van
der Waals black hole is completely stable in the presence of the logarithmic correction.
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1 Introduction
Due to AdS/CFT correspondence [1], it is possible to construct a holographic fluid dual
to the black holes. It helps us to understand the strongly coupled thermal field theories
living on the boundary of AdS space-time. This idea has found several applications, for
instance, the study of the quark-gluon plasma [2–8]. It has been found that the thermo-
dynamics of an asymptotically AdS metric in four-dimensional space-time matches exactly
with the thermodynamics of the van der Waals (VdW) fluid [9], which can be extended to
the arbitrary number of dimensions and horizon topologies [10]. Therefore, the study of
the black hole thermodynamics and their relation with the van der Waals fluid including
charge or rotation is an interesting subject [11–15] of investigation in theoretical physics.
One should note that such dual picture is valid only if negative cosmological constant is
considered as the thermodynamics pressure [16–24].
The purpose of this paper is to study the effects of thermal fluctuations on the above
mentioned dual picture. The thermal fluctuations can be interpreted as quantum effect
[25]. Since black hole is a gravitational system, hence the study of quantum effect on such
a system gives us information about quantum gravity which is our primary motivation. The
gravity may have correction near the Planck scale and such quantum gravity corrections
modify the topology of space-time at Planck scale [26, 27]. The correction terms coming
from quantum gravity can modify the entropy-area relation which is calculated by the
holographic principle. The black hole entropy in absence of the correction terms is given
by S0 = A/4, where A is the area of the black hole event horizon. The corrected relation
of a black hole may be written as logarithmic term plus S0. In that case the correction
of the form lnA has already been used to study the thermodynamics of the Go¨del black
hole [28]. In fact the corrected thermodynamics of black holes can be studied by using
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the non-perturbative general relativity [29]. The usual way to study effects of quantum
corrections to the black hole thermodynamics is the Cardy formula [30]. We know that
the matter fields around black holes may affect the thermodynamics [31–33]. Also from
the string theory poin of view the correction terms has been found in agreement with the
other quantum gravity approaches [34–37].
The corrections to the thermodynamics of a dilatonic black hole have also been studied
in the Ref. [38]. The black hole partition function is also useful to investigate the cor-
rected thermodynamics of a given black hole [39]. As discussed by the Refs. [40, 41], the
generalized uncertainty principle can used to obtain the logarithmic correction. In that
case the Einstein equations in the Jacobson formalism are realized as the thermodynamics
identities [42, 43]. Therefore, the effect of a quantum correction to the space-time topology
is a thermal fluctuations in the given black holes thermodynamics [44–46]. Recently, the
quantum corrections to thermodynamics of quasitopological black holes have been studied
[47].
The mentioned corrections of the entropy already considered to study thermodynamics
of several black objects. For example, a charged rotating AdS black holes [48], an AdS
charged black hole [49], a Schwarzschild-Beltrami-de Sitter black hole [50], a black saturn
[51], a modified Hayward black hole [52], or a charged dilatonic black saturn [53]. Also,
the corrected Thermodynamics of a small singly spinning Kerr-AdS black hole has been
studied by the Ref. [54]. In that case, one may use results to study quantum gravity effects
for example by using dumb holes [55]. Similar analysis in case of the extremal black holes
may be an important subject of theoretical physics [56, 57]. The first and second order
corrections may affect the critical thermodynamics behaviors of some black object like a
dyonic charged AdS black hole [58] and AdS black holes in massive gravity [59], which are
considered as the holographic dual of a Van der Waals fluid to show that the holographic
picture is still valid even for the logarithm-corrected thermodynamics. One of the impor-
tant application of the logarithmic correction is to study the properties of the quark-gluon
plasma [60–63] like shear viscosity to entropy ratio [64].
In this paper, we consider AdS black hole in d dimensional space-time and obtain
corrected thermodynamics under effect of thermal fluctuations. Then, we use our results
to obtain Van der Waals black hole and study the quantum effects on a holographic fluid. In
particular, we consider a higher dimensional AdS black hole with a metric given in terms
of an unknown function h(r, PΛ). This function is determined by the thermodynamics
relations. We derive the various corrected thermodynamics quantities due to the first-order
(logarithmic) correction in entropy. In particular, we compute the first-order corrected
enthalpy, volume, Gibbs free energy and, Helmholtz free energy and specific heat. In order
to derive the specific form of the unknown function h(r, PΛ), we consider the logarithmic
corrected black hole equation of state (EoS) and compare with the corresponding fluid
equation of state by assuming equivalence between the black hole and fluid temperatures,
the black hole and fluid volumes, and the cosmological and fluid pressures. The behavior
of the function h in terms of the model parameters is discussed with the help of plots. We
discuss the effects of thermal fluctuations on various equation of states. For instance, we
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discuss the correction due to thermal fluctuations on temperature, entropy, mass, volume
and Gibbs free energy. Finally, we study the stability of the model for higher space-time
dimensions, namely, d = 4, 5 and d = 10.
The paper is organized as following. In the next section, we provide a metric ansatz for
the higher dimensional AdS black hole. In section 3, we discuss the thermodynamics of the
system having thermal fluctuations with logarithmic term in the leading order. The Van
der Walls black hole is discussed in section 4. The effects due to the thermal fluctuations
are reported in section 5. In section 6, we study the stability of the model by observing
sign of specific heat. We draw final remarks in the last section.
2 Higher dimensional AdS black hole
The line element for AdS Black Hole in d dimensions is given by [65],
ds2 = −f(r)dt2 +
dr2
f(r)
+ r2dΩ2d−2, (2.1)
where dΩ2d−2 is metric of the unit d−2 dimensional surface, and the function f(r) is defined
as,
f(r) =
r2
l2
−
µ
rd−3
− h(r, PΛ), (2.2)
where l is the cosmological radius related to the cosmological constant,
Λ = −
(d− 1)(d − 2)
2l2
. (2.3)
Here µ is related to the AdM mass of the black hole which is given by,
M =
(d− 2)Ωd−2
16pi
µ. (2.4)
The Lagrangian of the model considered such that the Riemann curvature not included
in matter Lagrangian. We clarify that such a metric is a solution of the Einstein field
equations with a given energy-momentum source. The energy-momentum source would be
physically feasible if it satisfies certain conditions such as positivity of energy density and
dominance of the energy density over pressure, known as energy conditions [66]. Moreover,
the unknown function h(r, PΛ) will be determined by using the thermodynamics relations.
In order to have consistent solutions with the asymptotic AdS structure, one can assume
the following ansatz [10]:
h(r, PΛ) = A(r)− PΛB(r). (2.5)
In the planar AdS black hole, h = 0 and we have rh = (µl
2)
1
d−1 . Generally, we have,
h(rh, PΛ) =
rd−1h − µl
2
l2rd−3h
. (2.6)
Also, the momentum VΛ conjugated to PΛ, which is interpreted as a volume, is given by
VΛ =
∂M
∂PΛ
. (2.7)
We will use the above relation to study the corrected thermodynamics of system in the
next section.
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3 Logarithmic corrected thermodynamics
It has been argued that the thermal fluctuations correct the thermodynamics quantities.
To the leading order, these corrections are logarithmic in the entropy expression [44, 45].
The corrected entropy is given by,
S = S0 −
α
2
log(S0T
2) + ..., (3.1)
where dots denote higher order corrections which are very small and can be neglected. The
uncorrected entropy S0 is given by
S0 =
Ωd−2
4
rd−2h . (3.2)
Also, the temperature is given by [10],
T =
f ′(rh)
4pi
=
1
4pi
[
(d− 1)
rh
l2
− (d− 3)
h(rh, PΛ)
rh
−
∂h(rh, PΛ)
∂rh
]
. (3.3)
By plugging the values of S0 and T into the equation (3.1), we get,
S =
Ωd−2
4
rd−2h −
α
2
log
Ωd−2
64pi2
−
α
2
(d− 2) log rh
− α log
[
(d− 1)
rh
l2
− (d− 3)
h(rh, PΛ)
rh
−
∂h(rh, PΛ)
∂rh
]
, (3.4)
The first law of thermodynamics is given by,
dM = TdS + VΛdPΛ, (3.5)
where M denotes to the enthalpy and has the following form [67]:
M =
(d− 2)
16pi
Ωd−2r
d−3
h
(
16piPΛr
2
h
(d− 1)(d− 2)
− h(rh, PΛ)
)
−
α
4pi
[
(d− 1)rh
l2
− (d− 3)
h(rh, PΛ)
rh
]
−
α
8pi
(d− 2)
[
rh
l2
−
µ
rd−2h
−
h(rh, PΛ)
rh
]
. (3.6)
The black hole volume is obtained by using the equation (2.7) as follow,
VΛ =
Ωd−2r
d−1
h
(d− 1)
−
(d− 2)
16pi
Ωd−2r
d−3∂h(r, PΛ)
∂PΛ
+ α
(3d− 8)
8pirh
∂h(r, PΛ)
∂PΛ
. (3.7)
In the case of positive ∂h(r,PΛ)
∂PΛ
and positive α (and also d ≥ 3), we can see that the
logarithmic correction increases the black hole volume. Positive α is reasonable because
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its value is unit in many different models. The logarithmic corrected Gibbs free energy,
G =M − TS, is calculated as,
G =
(d− 2)
16pi
Ωd−2r
d−3
h
(
16piPΛr
2
h
(d− 1)(d− 2)
− h(rh, PΛ)
)
−
Ωd−2
16pi
[
(d− 1)
rd−1h
l2
− (d− 3)h(rh, PΛ)r
d−3
h − r
d−2∂h(rh, PΛ)
∂rh
]
−
α
4pi
[
(d− 1)rh
l2
− (d− 3)
h(rh, PΛ)
rh
−
∂h(rh, PΛ)
∂rh
]
−
α
8pi
(d− 2)
[
rh
l2
−
µ
rd−2h
−
h(rh, PΛ)
rh
]
+
α
8pi
log
Ωd−2
64pi2
[
(d− 1)
rh
l2
− (d− 3)
h(rh, PΛ)
rh
−
∂h(rh, PΛ)
∂rh
]
+
α
8pi
(d− 2)
[
(d− 1)
rh log rh
l2
− (d− 3)h(rh, PΛ)
log rh
rh
− log rh
∂h(rh, PΛ)
∂rh
]
+
α
4pi
[
(d− 1)
rh
l2
− (d− 3)
h(rh, PΛ)
rh
−
∂h(rh, PΛ)
∂rh
]
× log
[
(d− 1)
rh
l2
− (d− 3)
h(rh, PΛ)
rh
−
∂h(rh, PΛ)
∂rh
]
(3.8)
The pressure PΛ is given by [10],
PΛ = −
Λ
8pi
=
(d− 1)(d − 2)
16pil2
, (3.9)
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Hence, the Helmholtz free energy, F = G− PΛVΛ, is calculated by
F =
(d− 2)
16pi
Ωd−2r
d−3
h
(
16piPΛr
2
h
(d− 1)(d − 2)
− h(rh, PΛ)
)
−
Ωd−2
16pi
[
(d− 1)
rd−1h
l2
− (d− 3)h(rh, PΛ)r
d−3
h − r
d−2∂h(rh, PΛ)
∂rh
]
−
(d− 2)
16pil2
Ωd−2r
d−1
h +
(d− 1)(d − 2)2
(16pil)2
Ωd−2r
d−3∂h(r, PΛ)
∂PΛ
−
α
4pi
[
(d− 1)rh
l2
− (d− 3)
h(rh, PΛ)
rh
−
∂h(rh, PΛ)
∂rh
]
−
α
8pi
(d− 2)
[
rh
l2
−
µ
rd−2h
−
h(rh, PΛ)
rh
]
+
α
8pi
log
Ωd−2
64pi2
[
(d− 1)
rh
l2
− (d− 3)
h(rh, PΛ)
rh
−
∂h(rh, PΛ)
∂rh
]
+
α
8pi
(d− 2)
[
(d− 1)
rh log rh
l2
− (d− 3)h(rh, PΛ)
log rh
rh
−
∂h(rh, PΛ)
∂rh
log rh
]
− α
(d− 1)(d − 2)(3d − 8)
128pi2l2rh
∂h(r, PΛ)
∂PΛ
+
α
4pi
[
(d− 1)
rh
l2
− (d− 3)
h(rh, PΛ)
rh
−
∂h(rh, PΛ)
∂rh
]
× log
[
(d− 1)
rh
l2
− (d− 3)
h(rh, PΛ)
rh
−
∂h(rh, PΛ)
∂rh
]
. (3.10)
The specific heat is defined by,
C =
(
∂M
∂T
)
V
. (3.11)
Using the above definition, we calculate the specific heat as,
C =
Ωd−2
[
(d− 1)
rd−2
h
l2
− (d− 3)h(rh, PΛ)r
d−4
h − r
d−3
h
∂h(rh,PΛ)
∂rh
]
4
[
(d−1)
l2
+ (d− 3)h(rh,PΛ)
r2
h
−
(d−3)
rh
∂h(rh,PΛ)
∂rh
−
∂2h(rh,PΛ)
∂r2
h
]
−
α
[
d(d−1)
l2
− (d− 3)(d− 4)h(rh,PΛ)
r2
h
−
(3d−5)
rh
∂h(rh,PΛ)
∂rh
− 2∂
2h(rh,PΛ)
∂r2
h
]
2
[
(d−1)
l2
+ (d− 3)h(rh,PΛ)
r2
h
−
(d−3)
rh
∂h(rh,PΛ)
∂rh
−
∂2h(rh,PΛ)
∂r2
h
] . (3.12)
This expression can be used to investigate stability of the black hole with the condition
C ≥ 0. In order to do that the form of function h must be determined. We will do that in
the next section, then try to study stability of the black hole.
4 Van der Waals black holes
In order to be consistent with the Van der Waals fluid, the black holes must satisfy the
certain energy conditions near the horizon, and mass should remain positive (see details in
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[9]). A Van der Waals fluid is described by the following equation of state:
T =
(
P +
a
V 2
)
(V − b), (4.1)
where the constant a parameterizes the value of the intermolecular interactions, and the
constant b consider for the volume of molecules. The ideal gas equation of state obtained
by setting a = b = 0. The equation of state (4.1) is valid also in higher dimensions [18]. In
order to have a Van der Waals black hole we set P = PΛ and V = vΛ (here vΛ is specific
volume given by 4 (d−1)VΛ
(d−2)rd−2
) and used the equations (3.3), (3.7), and (3.9) together with
ansatz (2.5). This gives the following differential equations for A and B:
rhB
′ +
3
2
(
α(d−
8
3
)−
4
3
)
B − 4pibrh +
16pir2h
d− 2
= 0, (4.2)
and
rhA
′ + (d− 3)A −
d− 1
l2
r2h +
4rh
d−2 −
(d−1)B
4pirh
+ α(3d−8)B8pirh − b
4rh
d−2 −
(d−1)B
4pirh
+ α(3d−8)B8pirh
4piarh = 0, (4.3)
where prime denotes derivative with respect to rh. It is easy to check the equation (4.2) at
α = 0 limit and b≫ rh coincides with the Ref. [10]. Now, general solution of the equation
(4.2) is,
B =
8pirh [α(d(3d − 14) + 16)b − 4rh(α(3d − 8)− 2)]
α(3d− 8)(d − 2) (α(3d − 8)− 2)
+ Clr
−
3
2
α(d− 8
3
)+2
h , (4.4)
where Cl is an integration constant.
Solution of the equation (4.3), in the case of α = 0, is given in terms of the hypergeometric
function [10]. Here, we obtain the following approximate solution for the equation (4.3):
A = A0
[
C1
rh
+
C2
r2h
+
C3
r3h
+
C4
r
α(3d−8)+1
h
+
C5
r
α
2
(3d−8)+1
h
+
C6
r
α
2
(3d−8)+2
h
+
C(rh)
rd−3h
]
, (4.5)
where
C1 = −
8
9
pi2l2a
(
α(d −
8
3
)−
2
3
)2
(d− 2)(d − 1)2, (4.6)
C2 = −
1
6
αpi2l2ab
(
α(d −
8
3
)−
8d
3
+ 4
)
(d− 2)2(d− 1)(d−
8
3
)
(
α(d−
8
3
)−
2
3
)
, (4.7)
C3 =
1
24
α2pi2l2ab2
(
α(d−
8
3
)−
4d
3
+
4
3
)
(d− 2)4(d−
8
3
)2, (4.8)
C4 = −
9(d− 2)3
1024
α2l2aC2l
(
α(d −
8
3
)−
4d
3
+
4
3
)(
α(d−
8
3
)−
2d
3
+
2
3
)(
α(d−
8
3
)−
2
3
)2
,
(4.9)
C5 = −
3
16
piαl2aCl
(
α(d−
8
3
)−
8d
9
+
8
9
)
(d− 2)2(d− 1)
(
α(d −
8
3
)−
2
3
)2
, (4.10)
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C6 = −
3(d− 2)3(d− 83)
2
128
piα2l2abCl
×
(
α(d−
8
3
)−
4d
3
+ 2
)(
α(d −
8
3
)−
4d
3
+
4
3
)(
α(d −
8
3
)−
2
3
)
, (4.11)
A0 = −
81(
piα2l2(3d − 8)2 (α(3d − 8)− 2)2
)2 , (4.12)
and
C(rh) = piα
2(α(d −
8
3
)−
2
3
)2(d−
8
3
)2
(
(d− 1)rd−2h + CM l
2
)
, (4.13)
where CM is another integration constant. In the case of d = 4 and α = 0, it has been
argued that Cl = 0 together CM = 3abpi recovers the results of the Ref. [9]. We can see that
both A and B depend on space dimensions (d) as well as logarithmic correction parameter
(α), while in the case of α = 0 it has been found that B is independent of d [10]. Also,
in the case of Cl = 0, the cosmological pressure PΛ,interpreted as the thermodynamics
pressure, is demanded to be produced entirely by the fluid, which increases the value of
the effective AdS length. Using above solutions, the equation of state (4.1) get satisfied
and the black hole described by the metric (2.1) becomes dual of a Van der Waals fluid. In
the Fig. 1 we can see typical behavior of the function h in terms of the model parameters.
From the Fig. 1 (a), we see that the function h increases sharply with respect to small
rh and becomes saturated with rh for larger α (of the order of unit). However, as α tends
to very small value, the function h starts increasing rather slowly after a certain value of
rh. The behavior of the function h with respect to rh can be seen in Fig. 1 (b) for different
space dimensions (d). Here, we see that as dimension decreases the h gets higher value as
long as rh tends to higher value. The opposite behavior occurs for small rh and as long
as rh tends to zero the value of h decreases sharply to negative values. The behavior of
function h with respect to rh can be seen for different values of integration constants CM
and Cl in Figs. 1 (c) and 1 (d) respectively. The peak value of h increases with increasing
CM near small rh otherwise the CM does not affect h with respect to rh. Similar behavior
is observed for Cl also and Cl does not affect h for higher rh.
Now, we can investigate the effect of logarithmic correction, coming from thermal fluctua-
tions, on the thermodynamic quantities which obtained in the section 3.
5 Effect of thermal fluctuations
In this section, we come back to the parameters of the section 3 with specific h function and
investigate the effect of the logarithmic correction. In order to study the effects of thermal
fluctuations on thermodynamics, we consider ordinary space-time dimension d = 4, space-
time with one extra dimension d = 5 which is important for AdS/CFT point of view and
space-time dimensions d = 10 which corresponds to superstring theory dimensions. Be-
cause of having some large expressions, we do graphical analysis of the model parameters.
In the Fig. 2, we draw temperature to see the effect of the thermal fluctuations and higher
dimensions. Here, it is clear that positive temperature is obtained only for special positive
– 8 –
Figure 1. Typical behavior of h in terms of rh by variation of the black hole parameters with
a = b = l = 1. (a) d = 4, Cl = CM = 0; α = 0.01 (blue dash), α = 0.5 (green solid), α = 1 (red
dot). (b) α = 1, Cl = CM = 0; d = 4 (blue dash), d = 5 (green solid), d = 10 (red dot). (c) d = 5,
α = 1, Cl = 0; CM = −2 (blue dash), CM = 0 (green solid), CM = 2 (red dot). (d) d = 5, α = 1,
CM = 0; Cl = −2 (blue dash), Cl = 0 (green solid), Cl = 2 (red dot).
values of α (around α = 1). Also, the temperature is always negative for infinitesimal
values of rh for space-time dimensions d = 4 and d = 5. However, the positive temperature
with respect to rh exists only in case of space-time dimensions d = 10. It means that at
low dimensions the small black hole may be unstable and presence of α may help to gain
stable black hole. In another word, right plot of Fig. 2 shows that the AdS black hole
with holographic dual of Van der Waals fluid is unstable without consideration of thermal
fluctuations. Such instability happens when size of black hole is small (see left plot of Fig.
2) where thermal fluctuations is important. We will study stability of the black hole in the
next section.
In the plots of the Fig. 3, we can see behavior of the entropy under the effect of the
thermal fluctuations and higher dimensions. From the graph, it is clear that as long as
the space-time dimension increases the entropy with respect to rh shows similar behavior
– 9 –
Figure 2. Typical behavior of temperature in terms of rh (a) and α (b) by variation of the space-
time dimensions. We set the black hole parameters as a = b = l = rh = 1, Cl = CM = 2. d = 4
(blue dash), d = 5 (green solid), d = 10 (red dot).
Figure 3. Typical behavior of the entropy in terms of (a) rh with α = 1, and (b) α with rh = 1,
by variation of the space-time dimensions. We set the black hole parameters as a = b = l = 1,
Cl = CM = 2. d = 4 (blue dash), d = 5 (green solid), d = 10 (red dot).
with decreasing value towards negative. However, the entropy with respect to α changes
behavior for higher space-time dimensions d = 10 which can be seen by red dot line. This
means that α affects the entropy at higher dimensions much differently. It means that the
AdS black hole with Van der Waals dual is almost unstable at 10 dimensions. On the other
hand, at d = 4 and d = 5, the left plot of the Fig. 3 shows that entropy is negative for
α = 1 at rh < 1. It may be due to some instabilities corresponding to small black hole. It
will be clear when we discuss stability of black hole by analyzing specific heat in the next
section.
In the plots of the Fig. 4 we can see behavior of the black hole mass under the effect of
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the thermal fluctuations and higher dimensions. We can see some negative regions in 10
dimensions which could be removed by suitable choice of α. The black hole mass takes high
value very sharply as rh tends to smaller values. For d = 10, the entropy from minimum
value starts increasing with increasing rh but after a certain value it starts falling again.
In d = 4 and d = 5 we can see from the left panel of the Fig. 4 that the black hole mass is
increasing function of rh in allowed region (rh > 1) where the black hole is stable.
Figure 4. Typical behavior of M in terms of (a) rh with α = 1, and (b) α with rh = 1, by
variation of the space-time dimensions. We set the black hole parameters as a = b = l = µ = 1,
Cl = CM = 2. d = 4 (blue dash), d = 5 (green solid), d = 10 (red dot).
In the plots of the Fig. 5, we can see behavior of the black hole volume under the
effect of the thermal fluctuations and higher dimensions. We can see the black hole volume
is decreasing function of α. It means that thermal fluctuations are important for the small
black holes. By increasing size (volume) of black hole, logarithmic correction is small and
negligible. Also, for d = 4, the black hole volume decreases as rh increases towards positive
and becomes asymptotic as rh tends to zero.
In the plots of the Fig. 6 we can see behavior of the Gibbs free energy under the
effect of the thermal fluctuations and higher dimensions. From the Fig. 6 (b), we can
see a minimum for Gibbs free energy concerning the thermal fluctuations for space-time
dimensions d = 10. However, the behavior is similar for the space-time dimensions d = 4, 5
though the thermal fluctuations is effective for d = 5 than d = 4 for rather smaller value
of α. From the Fig. 6 (a), we see that the minimum value of the Gibbs free energy with
respect to rh is highly negative for space-time dimensions d = 4, 5, however for space-time
dimensions d = 10 this is not the case and the Gibbs free energy has (almost) positive
values for all rh.
Finally, we can investigate validity of the following relation,
M = TS + PV. (5.1)
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Figure 5. Typical behavior of the black hole volume in terms of (a) rh with α = 1, and (b) α
with rh = 1, by variation of the space-time dimensions. We set the black hole parameters as b = 1,
Cl = 2. d = 4 (blue dash), d = 5 (green solid), d = 10 (red dot).
Figure 6. Typical behavior of Gibbs free energy in terms of (a) rh with α = 1, and (b) α
with rh = 1, by variation of the space-time dimensions. We set the black hole parameters as
a = b = l = µ = 1, Cl = CM = 2. d = 4 (blue dash), d = 5 (green solid), d = 10 (red dot).
In the Fig. 7 we draw W = M − TS − PV and shows that there are some zeros in the
presence of the logarithmic correction. For example, we can see that in the case of α = 1,
the equation (5.1) holds when rh ≈ 0.1. As before, the situation for d = 10 is a bit different
and from dotted line we can see that the equation (5.1) formula holds for α ≈ 0.8.
6 Stability
Now, we can study stability of the model using the equation (3.12). It seems enough
to establish stability of black hole because in absence of chemical potential, Hessian of
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Figure 7. Typical behavior of W = M − TS − PV in terms of α with rh = 1, by variation of the
space-time dimensions. We set the black hole parameters as a = b = l = µ = 1, Cl = CM = 0.
d = 4 (blue dash), d = 5 (green solid), d = 10 (red dot).
Helmholtz free energy is not important and we need only to find sign of the specific heat.
In the Fig. 8, we draw specific heat in terms of rh in (a) and (b) plots and in terms of α
in (c) plot. In the Fig. 8 (a) we consider the case of d = 5 and see that small α includes
some unstable regions. Almost of these regions correspond to negative entropy which is
discussed in previous section. Then, by increasing α domain of instability reduced, so for
the case of α = 1.4 we have completely stable black hole. In this case we can see a peak
for the specific heat which is like Schottky anomaly, and hence we can have an excitation
gap above the ground state.
Figure 8. Typical behavior of the specific heat in terms of rh and α by variation of the black hole
parameters with a = b = l = 1 and µ = Cl = CM = 2. (a) d = 5; α = 0.2 (blue dash), α = 0.6
(orange dash dot), α = 1 (green solid), α = 1.4 (red dot). (b) α = 1; d = 4 (blue dash), d = 5
(green solid), d = 10 (red dot). (c) rh = 1; d = 4 (blue dash), d = 5 (green solid), d = 10 (red dot).
In figure 8 (b), we see the behavior of specific heat in terms of rh with fixed thermal
– 13 –
fluctuation and varying space-time dimensions. Here, we observe that the instability in-
creases as space-time dimensions increase with various minima, which can be clearly seen
from the plot for d = 10. The plot 8 (c) shows the behavior of specific heat with respect
to α with fixed rh and varying space-time dimensions. Remarkably, we found that for
d = 5 the the instability of specific heat occurs again when α increases slightly or decreases
slightly value. However, for d = 4 the stability exists for larger span of α. For d = 10, the
more instability occurs of different character with respect to lower dimensions.
7 Conclusions
In this paper, we have analyzed the effects of the logarithmic correction to the thermody-
namics of the higher dimensional AdS black hole. This logarithmic correction comes from
the leading-order thermal fluctuations of black hole. In this context, we have given the ba-
sic set-up for the higher dimensional AdS black hole described by a suitable metric in terms
of an unknown function h(r, PΛ) which can be determined with the help of the thermo-
dynamics relations. Furthermore, we have computed various thermodynamics quantities
describing more exact equations of state due to the first-order (logarithmic) correction in
entropy of the system. For instance, we have derived the first-order corrected enthalpy,
volume, Gibbs free energy, Helmholtz free energy and specific heat. Eventually, we have
verified the first law of thermodynamics for the first-order corrected higher dimensional
black hole.
Furthermore, in order to have specific form of the unknown function h(r, PΛ), we have
considered the logarithmic corrected black hole equation of state and compared it with
the corresponding fluid with Van der Waals equation of state, while we identify the black
hole and fluid temperatures, the black hole and fluid volumes, and the cosmological and
fluid pressures. Here, we have found a typical behavior of the function h in terms of
the model parameters. For instance, the function h increases sharply with respect to the
small rh and becomes saturated for larger (of the order of unit) rh as can be seen in Fig.
1. We have analyzed the effects of thermal fluctuations on various equation of states.
Namely, the effects of thermal fluctuations are discussed for temperature, entropy, mass,
volume and Gibbs free energy. Finally, we have discussed the stability of the model for
different higher space-time dimensions, namely, d = 4, 5 and d = 10. These particular
dimensions are considered due to their physical importance. These particular dimensions
are considered due to their physical importance. In the dual QFT, the van der Waals
(VdW) black hole corresponds to a thermal state with VdW EoS. The five dimensional
black hole may be important from AdS/CFT point of view, where a five dimensional
black hole background has holographic dual CFT. Finally, 10-dimensional black hole may
be important from superstring theory. In all above, one can use logarithmic corrected
thermodynamics to study quantum gravity effects. In summary, we have shown that the
presence of logarithmic correction affects strongly stability of black hole. It is easy to extend
our work to the case of charged AdS black hole in higher dimensional space-time. Also
one can consider higher order corrections of the entropy to investigate thermodynamics
quantities. These are subjects of our future works.
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